Solutions to short-answer questions
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Note: use existing diagram from answers
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Solutions to multiple-choice questions

1 C =

1 1414
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3 C |z=5

4 D (zx+yi)? =2+ 2ayi+ i
= (2* - y*) + 2zyi

Therefore

z? — y? = 0 and 22y = —32.

Therefore

ma—y2:0:>y=:|:3:

If y = & then

2zy = —32

has no solution. If y = —=z, then



272 = _39
2 =16
r= =44

Therefore,z =4,y=—4orz =4,y = —4.

Completing the square gives,
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A =b* — dac
= (84)? — 4(2 + 2i)(—4(1 — 1))
= 64i% + 16(2 + 2i)(1 — i)
= —64 + 32(1 +i)(1 — 1)
= —64 +32(1 — 2)
= —64+32x2
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Solutions to extended-response questions

1a 22-23244=0
Completing the square gives
22-23243+1=0
(z—v3)?+1=0

s (23 -i?=0
(z—vV3+i)(z—v3—-i)=0
soz=4/3+i
b j
Imiz) A
] ez=yi+i
0 V3 Rﬂ.?i
1 ®-=y3-i
i |v3+i=|v3—i| =2
The circle has centre the origin and radius 2.
The cartesian equation is 22 + y2 = 4.
iii The circle passes through (0, 2) and (0, —2). The corresponding complex numbers are2i and —2i. So a = 2
2 |z|=6
AP |(A+d)z=1+1ll7
=+2x6
=642

i |(1+d)z—2z=|z+iz— 2|
= |iz
= 1] ||
=6
b A isthe point corresponding to z, and |OA| = 6.
B is the point corresponding to (1 + i)z, and |OB| = 6/2.
Frompartb, |[AB| = |[(1 + i)z — 2|
=6
Therefore AOAB is isosceles.
Note also that
I0A]2 + |AB> =62 + 62 =72
and |OB[* = (6v2)°
=72



The converse of Pythagoras’ theorem gives the triangle is right-angled at A.
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Therefore |QP|> = |OP* + |0Q*

By the converse of Pythagoras' theorem ZPOQ is a right angle, i.e. ZPOQ = g
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4  For this question we will use the fact that |z:|2 = zz. This Is easy to prove.

2 —
a |zn+z2 =(n1+2)(xn+20)
= (21 + 22)(21 + 22)
= z121 + 2929 + 2129 + 2129
2 2 — —
= |z1]" + |22|” + 2172 + Z129
2 [—
b |z1— 2| = (21 — 22)(z21 — 22)
= (21 — 22)(21 — 22)
= 2121 + 2929 — 2129 — 2129
2 2 — =
= |z1]" + |2z2]” — (2122 + Z120)
¢ Since
2 2 2 _
|21 + za|” = |21]" + |22|" + 2122 + Z120
and
2 2 2 _
|21 — 22| = [21]" + |22|” — (2122 + Z120)
we can add these two equations to give,

2 2 2 2
|21—|—22| +|21—Zg| :2|211| —|—2|Zg| -

"Im(z)
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This result has a geometric interpretation. By interpreting complex numbers z; and zy as vectors, we obtain a
parallelogram with diagonals whose vectors are z; + 29 and z; — 2». This result then shows that the sum of

the squares of the lengths of the four sides of a parallelogram equals the sum of the squares of the lengths of
the two diagonals

For this question we will use the fact that z;23 = Z; Z3. This is easy to prove if you haven't already seen it
done.

i Z1292 = 21 29
=122

ii  First note that z + z = 2Re (z). Now using part (i) we have
2129 + 2129 = Z122 + 2129
= 2Re (z129),
which is a real number.

iii First note that z — z = 2i Im (z). Now using part (i) we have
2122 — 1% = 2172 — 217
= 2i Im (z129),
which is an imaginary number.



iv Adding the results of the two previous questions gives
(2172 + 7122)° + (2172 — Z122)" = (2Re (2122))” — (20 Im (Z722))°
= 4(Re (7122))? + 4(Im (7122))°
= 4((Re (7122))” + (Im (z122))%)
= 4|71z
= 47|22
= 42|/’

2
= 4'2’122' .

b (Iz1] +|22))” — |21 + 22/* = |21 + 2l 22| + |22 — (21 + 20) (21 + 22)
= |z |* + 2|z ||2| + |22 — (21 + 22) (L + )
= =12 + 22| |22| + |22]® — (2171 + 2272 + 215 + Z12a)
= |21|* + 2|z |22| + |22]* — (|21 + |22” + 2173 + Z120)
= |z1[* + 2lz1|22] + |22 — |2a)® — |22 — (2172 + Z122)
= 2|21]|z2| — (2122 + Z122)
= 2|21||z2| — 2Re (2122)
= 2[z1|z2| — 2Re (z122)
= 2|z122| — 2Re (2z129)
>0

¢ This question simply requires a trick:
21| = [(21 — 22) + 22| < |21 — 22 + [22]-
Therefore,
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a z+1=cisf+1
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lz+1| = \/(1 + cos#)? + sin’ @
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= +/2+ 2cosf
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To find the argument, we find that
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z—1
Arg ( ) = Arg(z—1) — Arg(z+1)

A =0b% - dac

The equation has no real solutions if and only if
b2 — dac < 0.

If b2 — 4ac then we can assume that
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To find ZP;OPs it will also help to find
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Therefore, with reference to the diagram below, we use the cosine law toshow that
PPy = OP? + OP} —2-0OP; - OP, - cosf
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It's perhaps fastest to simply use the quadratic formula here:
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We prove the first equality. The proof for the second is similar. We have
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as required.
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Now consider zp = —h’/_ The point is in the third quadrant.
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att
2
1
3 —
VG
- 2
_ V3
4

e ]

Im(2)




